Abstract. In this paper, we will investigate the concept of the torsion- 
Introduction
In [11] , Beck introduced and investigated the zero-divisor graph of a commutative ring. He let all elements of the ring be vertices of the graph. In [8] , Anderson and Livingston introduced and studied a zero-divisor graph, whose vertices are non-zero zero-divisors while, x−y is an edge whenever xy = 0. Since then, the concept of zero-divisor graphs has been studied extensively by many authors; see [2, 6, 7, 10] . The concept of a zero-divisor graph has been extended to non-commutative rings by Redmond [21] . This concept also has been introduced and studied for semigroups by DeMeyer, McKenzie and Schneider in [13] , and for near-rings by Cannon et al, in [12] . For recent developments on graphs of commutative rings see [3, 4, 5, 17] .
Let R be a commutative ring with identity element and M be a unitary Rmodule. In this research, we will investigate the concept of the torsion-graph of an R-module M , which has been defined in [16] . The torsion graph Γ(M ) of M is a simple graph, whose vertices are the non-zero torsion elements of M , and two distinct elements An R-module M is called a multiplication module if for every submodule K of M there exists an ideal I of R such that K = IM (Barnard [10] ). A proper submodule N of M is called a prime submodule of M , whenever rm ∈ N (where r ∈ R and m ∈ M ) implies that m ∈ N or r ∈ [N : M ].
An R-module M is called a cancellation module if IM = JM for any ideals I and J of R implies that I = J. Also, an R-module M is a weak-cancellation module if IM = JM for any ideals I and J of R implies that I + Ann(M ) = J + Ann(M ). Finitely generated multiplication modules are weak cancellation, Theorem 3 [1] .
Let T (M ) be the set of elements of M such that Ann(m) ̸ = 0. It is clear that if R is an integral domain, then T (M ) is a submodule of M , which is called the torsion submodule of M . If T (M ) = 0, then the module M is said to be torsion-free, and it is called the torsion module if T (M ) = M . Thus Γ(M ) is an empty graph if and only if M is a torsion-free R-module. We use the symbolΓ(M ) to show the induced subgraph Γ(M ) with vertex set {m ∈ T (M )
* | Ann(m)M ̸ = 0}. In this paper, we will also investigate the interplay of module properties of M in relation to the properties ofΓ(M ). We believe that this study helps to illuminate the structure of T (M ). For example, if M is a multiplication R-module, we show that M is finite if and only ifΓ(M ) is finite. Recall that a graph is finite if both its vertices set and edges set are finite. We know that a graph G is connected if there is a path between any two distinct vertices. The distance d(x, y) between connected vertices x, y is the length of the shortest path from x to y (d(x, y) = ∞ if there is no such path). The diameter of G is the diameter of a connected graph, which is the supremum of the distances between vertices. The diameter is 0 if the graph consists of a single vertex. The girth of G, denoted by gr (G) , is defined as the length of the shortest cycle in G (gr(G) = ∞ if G contains no cycles).
A ring R is called reduced if N il(R) = 0. An R-module M is called a reduced module if rm = 0 for r ∈ R and m ∈ M , implies that rM ∩ Rm = 0. Also a ring R is von Neumann regular if for each a ∈ R there exists an element b ∈ R such that a = a 2 b. It is clear that every von Neumann regular ring is reduced. Recall that a ring R is called Bézout if every finitely generated ideal I of R is principal. We know that every von Neumann regular ring is Bézout.
A submodule N of M is called a pure submodule of M if IM ∩ N = IN for every ideal I of R (Ribenboim in [22] ). In [18] , Kash (p. 105) states that an R-module M is called a von Neumann regular module if and only if every cyclic submodule of M is a direct summand in M . If N is a direct summand in M , then N is pure but not conversely (see [20] , Example 2, p. 54 and [22] , Example 14, p. 100). Therefore every von Neumann regular module is reduced.
A complete graph is a simple graph whose vertices are pairwise adjacent, and the complete graph with n vertices is denoted by K n . A bipartite graph is one whose vertex set can be partitioned into two subsets so that no edge has both ends in the same subset. A complete bipartite graph is one in which each vertex is joined to every vertex that is not in the same subset; the complete bipartite graph, with two parts of sizes m and n, is denoted by K m,n . The complete bipartite graph K 1,n is called a star.
Let G be a graph and V (G) denote the vertices of G. Let v ∈ V (G), as in [7] ; w ∈ V (G) is called a complement of v, if v is adjacent to w and no vertex is adjacent to both v and w. That is, the edge v − w is not an edge of any triangle in G. In this case, we write v ⊥ w. In module-theoretic terms, for multiplication R-module M , this is the same as saying v ⊥ w in Γ(M ) if and only if v, w ∈ T * (M ) and Ann(w)M ∩ Ann(v)M ⊂ {0, v, w}. Moreover, we will follow the authors in [7] and say that G is complemented if every vertex has a complement, and it is uniquely complemented if it is complemented and any two complements of the vertices set are adjacent to the same vertices. From Theorems 3.5 and 3.9 [7] , we know that for a ring R with non-zero nilpotent elements, Γ(R) is uniquely complemented if and only if Γ(R) is a star graph. If R is reduced and Γ(R) is complemented, then S −1 R is a von Neumann regular ring, where S = R \ Z(R).
In Section 2, we give an example of non-isomorphic modules with the same torsion graph. We show thatΓ(M ) is always connected with diam(Γ(M )) ≤ 3. Furthermore, we prove that if Γ(M ) contains a cycle, then gr(Γ(M ) ≤ 4. In this manner, we study some of the properties ofΓ(M ), when M is a multiplication R-module. An R-module M is a multiplication module if for every submodule
In Section 3, we obtainΓ(
In Section 4, we investigate complemented and uniquely complemented torsion graphs. We also extend Theorem 3.9 of [7] to the multiplication R-modules. Furthermore, for a multiplication R-module M when R is Bézout or cyclic Rmodule and prove that ifΓ(M ) is uniquely complemented, then eitherΓ(M ) is a star graph or S −1 M is a von Neumann regular module, where S = R \ Z(M ). Throughout the paper, we use the symbol (x, y) or x + y to denote the
Spec(M ) is a set of the prime submodules of M , and for submodule
As usual, the rings of integers and integers modulo n will be denoted by Z and Z n , respectively.
Properties ofΓ(M )
In this section, we show thatΓ(M ) is connected and has a small diameter and girth, and for a multiplication R-module M with |M | ≥ 5, we prove that if Γ(M ) is complete, then N il(M ) = V (Γ(M ))∪{0}. We begin with the following example which shows that non-isomorphic modules may have the same torsion graphs.
We know that Γ(M ) may be infinite (that is, the R-module M has infinitely torsion elements). An interesting case occurs when Γ(M ) is finite, because in the finite case a drawing of the graph is possible. The next theorem shows that for a multiplication R-module M ,Γ(M ) is finite (except whenΓ(M ) is empty) if and only if M is finite. 
The following example shows that the multiplication condition is not superfluous. As an immediate consequence, we obtain the following result.
The following example shows that the faithful condition is not superfluous. 
In this case, we show that |M | = 4. Put N := Ann(x)M . We divide the proof of the theorem into 6 claims, which are of some interest in their own right. 
Therefore N is a prime submodule, and as a consequence [N : M ] will be a prime ideal.
We know that Rx is a weak-cancellation R-module, and so R = 
Hence Ry = [y : M 2 ]y and y = sy for some s ∈ [y :
Therefore m 2 = 0 and Ry has exactly two elements. Consequently, |M | = 4. Next, we may assume that 
Isomorphisms
Recall that two graphs G and H are isomorphic, denoted by G ∼ = H, whenever there exists a bijection, say φ from V (G) to V (H), of vertices such that the vertices x and y are adjacent in G if and only if φ(x) and φ(y) are adjacent in H.
It is clear that the well-defined map
is a monomorphism. So we can identify M with its image in S −1 M . Thus if m denotes an element of M , then the same symbol is also used to denote the fraction m 1 . In this manner, M become a submodule of
and let
Next, we prove thatΓ(S −1 M ) andΓ(M ) are isomorphic by showing that there is a bijection map between equivalence classes of vertex setsΓ(S −1 M ) and Γ(M ) such that the corresponding equivalence classes have the same cardinality.
Proof. (Our proof is quite similar to the proof in [7] applied for a ring) Let
We define an equivalence relation ≈ on S by s ≈ t if and only if sx = tx. It is easily verified that the map
by the hypothesis sa = ta and sb = tb, therefore a t = b s . Also, it is clear that this map is surjective. Thus
Clearly, it is well-defined and injective. Hence |S/ ≈ | ≤ |[x]
M |, and
Thus there is a bijection map
for each α ∈ Λ. Therefore we define 
] MS , and z ∈ [ 
Proof. It is similar to the proof of Theorem 3.1. □ Corollary 3.3. Let M and N be multiplication R-modules with
Complemented graphΓ(M ) and multiplication module
In this section we prove that, if M is a reduced multiplication R-module and Γ(M ) is uniquely complemented, S 
Lemma 4.2. Consider the following statements for a multiplication R-module M with m, m
Then under the above conditions, we have: 
As an immediate consequence, we obtain the following result.
Corollary 4.4. Let M be a reduced multiplication R-module with m, m
′ , m ′′ ∈ T (M ) * . If m ⊥ m ′ and m ⊥ m ′′ , then m ′ ∼ m ′′ .
Thus Γ(M ) is uniquely complemented if and only if Γ(M ) is complemented.

Theorem 4.5. Let R be a Bézout ring and M be a reduced multiplication Rmodule. IfΓ(M ) is complemented, then S −1 M is von Neumann regular, where
S = R \ Z(M ). Proof. Let 0 ̸ = x s ∈ S −1 M , where x ∈ M and s ∈ S. Let x ̸ ∈ V (Γ(M )) and x = ∑ n i=1 α i m i ∈ [x : M ]M , where α i ∈ [x : M ] and m i ∈ M . Since R is a Bézout ring ∑ n i=1 Rα i = Rα for some α ∈ R. So x = αm for some α ∈ M . If α ∈ Z(M ), then αm 0 = 0 for some non-zero element m ∈ M . So [m 0 : M ][x : M ]M = 0; hence 0 ̸ = m 0 ⊆ Ann(x)M = 0,
which is a contradiction. Therefore α ∈ S = R \ Z(M ). Thus one can easily check that
Therefore by Proposition 4.1, S −1 M is von Neumann regular. Next we assume that x ∈ V (Γ(M )). By the hypothesis there is y ∈ V (Γ(M )) such that x ⊥ y. Hence y ∈ Ann(x)M and so
Since M is a reduced module x ̸ = αm 1 and y ̸ = αm 1 
Hence by Proposition 4.1, S −1 M is von Neumann regular. □
Lemma 4.6. Let R be a von Neumann regular ring. Then every multiplication R-module is reduced.
Proof. Lemma 2.5 of [19] . □
Corollary 4.7. Let R be a von Neumann regular ring and M be a multiplication R-module. IfΓ(M ) is complemented, then S −1 M is von Neumann regular, where S = R \ Z(M ).
Corollary 4.8. Let M be a reduced cyclic R-module. IfΓ(M ) is complemented, then S −1 M is von Neumann regular, where S = R \ Z(M ).
Proof. It is similar to the proof of Theorem 4.5. □ (2) =⇒ (3). This is true for any graph. Proof. Let n = 3 and x ∈ V (Γ(M )). So there exist i, j, k ∈ {1, 2, 3} such that either x = t i p i , where t i ∈ Z and p j is not divisible by Proof. By the proof of Lemma 3.7
Step (1) of [16] . □ Proof. (a) We subdivide the proof of (a) into the following steps: LetΓ(M ) be complemented and x ∈ N il(M ). Assume that α ∈ [x : M ], by Lemma 4.14 α n x = 0 for some n ∈ N. Choose n to be as small as possible, α n x = 0. Then n ≥ 1 and α n−1 x ̸ = 0.
Step 1: In this step we claim that n ≤ 3. Suppose that n > 3, so αx ∈ V (Γ(M )). SinceΓ(M ) is complemented, there is a y ∈ V (Γ(M ) such that y is a complement of αx. Then
so α n−1 x = y will be the only possibility. Thus αx
Step 2: Let n = 3, so α
hence z is adjacent to the two elements αx and α 2 x.
hence rα 2 x ∈ {0, αx, α 2 x}. But if rα 2 x = αx, then α 2 x = 0 is a contradiction, and so Rα
hence z ∈ {0, αx, α 2 x, α 2 x + αx}. Thus we may assume that α 2 z = α 2 x; then αz−αx ̸ = αx. On the other hand, αz−αx ∈ {0, αx, α 2 x}, so either αz−αx = 0 or (αz − αx) = α 2 x, and by a similar argument, z ∈ {x, α 2 x, x + αx, x + αx + α 2 x}. Consequently,
and m ∈ M such that α 2 γm ̸ = 0, and a simple check yields
Step 3: In this step we show that H = Ann(α 2 x)M is a unique maximal submodule of M. Clearly, H ̸ = M and Rα
is a star graph with center α 2 x and at most 6 edges.
Step ( Step ( 
We claim that αc is also a complement of x. If z is adjacent to both vertices x and αc, then Figure 4 
